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We investigate the eigenstate thermalization hypothesis (ETH) in integrable models, focusing on the spin- 1
2
isotropic Heisenberg (XXX) chain. We provide numerical evidence that ETH holds for typical eigenstates
(weak ETH scenario). Specifically, using a numerical implementation of state-of-the-art Bethe ansatz results,
we study the finite-size scaling of the eigenstate-to-eigenstate fluctuations of the reduced density matrix. We
find that fluctuations are normally distributed, and their standard deviation decays in the thermodynamic limit as
L−1/2, with L the size of the chain. This is in contrast with the exponential decay that is found in generic non-
integrable systems. Based on our results, it is natural to expect that this scenario holds in other integrable spin
models and for typical local observables. Finally, we investigate the entanglement properties of the excited states
of theXXX chain. We numerically verify that typical mid-spectrum eigenstates exhibit extensive entanglement
entropy (i.e., volume-law scaling).
I. INTRODUCTION
In classical physics the observation that at long times sys-
tems thermalize led to the birth of statistical mechanics as a
very effective description of nature. However, the issue of
how equilibration and thermalization arise in isolated quan-
tum (many-body) systems is still highly debated [1–7]. Re-
cent years have witnessed a resurgence of interest in this
topic [2, 4, 7–52], due to its relevance in cold atoms exper-
iments [53–66]. One possible mechanism explaining thermal-
ization is the so-called eigenstate thermalization hypothesis
(ETH) [1, 3, 4, 18, 67–84].
The ETH can be stated as follows: In the thermody-
namic limit the eigenstate expectation value (EEV) Ôαα ≡
〈ψα|Ô|ψα〉 of a typical few-body observable Ô in an eigen-
state |ψα〉 of a many-body Hamiltonian H with eigenenergy
Eα (and energy density eα ≡ Eα/L, with L being the num-
ber of sites) is equal to the microcanonical average 〈Ô〉, at the
mean energy density 〈H/L〉 = eα, i.e.,
Ôαα = 〈Ô〉, with 〈Ô〉 ≡ N−1(eα,∆e)
∑
γ:|eγ−eα|<∆e
Ôγγ .
Here ∆e is a small energy scale that can be sent to zero in the
thermodynamic limit, and N (eα,∆e) denotes the number of
energy levels eγ in the energy window |eα − eγ | < ∆e. The
underlying idea of ETH is that eigenstates with similar energy
give similar EEVs. As a consequence, the standard deviation
of the fluctuations, σ(Ô) ≡ [〈Ô2〉 − 〈Ô〉2]1/2, vanishes in
the thermodynamic limit, which implies that Ôαα becomes a
“smooth” function of eα.
Still, two main interpretations of ETH are possible [26]. In
the so-called weak ETH, “rare” (as opposed to typical [3, 71–
73]) eigenstates |ψr〉, for which Ôrr 6= 〈Ô〉, are allowed for
any finite size. The behavior of the fluctuations reflects that
the fraction of rare eigenstates vanishes in the thermodynamic
limit. Interestingly, these rare eigenstates appear for Hamil-
tonians corresponding to random matrices [85]. On the other
hand, in the strong ETH these rare eigenstates are not present,
i.e., all eigenstates are thermal. This difference is dramati-
cally reflected in the finite-size scaling behavior of σ(Ô), and
it is related to the difference between integrable [86] and non
integrable models. In the latter the strong ETH holds, and it
is now well established that fluctuations decay exponentially
with system size [4, 27, 38, 76, 77, 79, 80, 83]. Exact diag-
onalization studies demonstrated that for typical observables
σ(Ô) ∝ D−1/2 [77], with D the dimension of the full Hilbert
space. Oppositely, in integrable models a much slower de-
cay is expected [4, 67], which is associated with the presence
of an extensive number of local conservation laws [86]. Yet,
despite integrability, numerical studies of ETH are hampered
by severe finite-size effects, and a precise finite-size scaling
analysis of σ(Ô) is still lacking (see, however, Ref. 75 for a
finite-size scaling study of ETH in the Lieb-Liniger model).
II. SUMMARY OF THE RESULTS
In this work, using a numerical implementation (cf. Ref. 87
for the details) of state-of-the-art Bethe ansatz results [88, 89],
we perform a finite-size scaling analysis of the ETH in the
spin- 12 isotropic Heisenberg (XXX) chain. Specifically, here
we focus on the `-spin reduced density matrix ρ`. Given the
state of the chain |ψ〉 and a block A of ` contiguous spins, the
corresponding ρ` is obtained by tracing over the degrees of
freedom of the remaining spins (block B) in the full-system
density matrix ρ ≡ |ψ〉〈ψ|, i.e., ρ` ≡ TrBρ [90]. From ρ` it is
straightforward to obtain any multi-spin correlation function
with support on ` contiguous sites of the chain.
Our main result is that the weak ETH holds for all the ma-
trix elements of ρ`, meaning that for the vast majority of the
eigenstates (i.e., typical eigenstates) one has ρ` → 〈ρ`〉 (with
〈·〉 denoting the microcanonical average), in the thermody-
namic limit. This scenario is made rigorous by a large scale
analysis of the eigenstate-to-eigenstate fluctuations of ρ`. Pre-
cisely, we numerically demonstrate that fluctuations are nor-
mally distributed, and their standard deviation σ(ρ`) decays as
σ(ρ`) ∝ L−1/2, for large chains. Interestingly, the same be-
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FIG. 1. Finite-size scaling of the ETH for the two-spins reduced matrix ρ2 in the XXX chain. (a)-(d) Matrix elements ρ2[1, 1], ρ2[3, 3],
and ρ2[2, 3] plotted versus the eigenstates energy density E/L. Panels (c) and (d) plot the real and imaginary part of ρ2[2, 3], respectively.
Circles, squares, and crosses denote chain sizes L = 20, 40, 160. The data correspond to ∼ 104 eigenstates obtained from real solutions of
the Bethe equations at fixed particle density x ≡ M/L = 1/4, with M the number of down spins (particles). In all panels the rhombi denote
the result obtained from the ensemble representative state (ERS). All the matrix elements are well described by the ERS in the limit L→∞.
(i) Eigenstate average 〈ρ2〉 plotted versus L−1/2. Different symbols correspond to different matrix elements (cf. (iii)). The dashed-dotted
lines are the results obtained from the ERS. (ii) Eigenstate-to-eigenstate fluctuations of ρ2. Histograms of ρ2[3, 3] obtained from different
eigenstates and L = 40, 160. The histogram for L = 160 is shifted vertically for visibility. The dashed line is a gaussian fit. (iii) Fluctuations
of ρ2: Standard deviation σ(ρ2) plotted versus L−1/2. The dashed-dotted lines are linear fits. σ(ρ2) is vanishing in the limit L→∞.
havior is observed in free models [26], and it is in sharp con-
trast with the exponential decay found in non-integrable sys-
tems [77]. Moreover, using standard thermodynamics Bethe
ansatz (TBA) results [91–93], we provide an ensemble repre-
sentative state (ERS), and the reduced density matrix ρERS`
thereof. This is a good approximation for the reduced den-
sity matrix obtained from typical mid-spectrum eigenstates of
the finite chain. In particular, one has ρ` → ρERS` in the
thermodynamic limit. From ρ` we construct the conserved
charges In (n ∈ N) of the XXX chain [94]. Interestingly,
we numerically observe that the EEV of the first non-trivial
charge densities In/L vanishes for typical eigenstates. One
consequence of our results is that, despite the XXX chain
being integrable, the unitary dynamics ensuing from thermal-
like initial states might lead to thermal behavior at long times,
in agreeement with what has been found in Ref. 95 and 96.
Finally, we investigate the entanglement entropy [90, 97–99]
S` ≡ Trρ` log ρ` of the ERS. We provide robust numerical
evidence for the volume law scaling SERS` ∝ `, which im-
plies that typical mid-spectrum eigenstates exhibit extensive
entanglement entropy.
III. THE MODEL AND THE METHOD
The spin- 12 isotropic Heisenberg (XXX) chain is defined
by the Hamiltonian
H ≡ J
L∑
i=1
[
1
2
(S+i S
−
i+1 + S
−
i S
+
i+1) + S
z
i S
z
i+1
]
, (1)
where S±i ≡ (σxi ± iσyi )/2 are the ladder operators acting
on the site i of the chain, Szi ≡ σzi /2, and σx,y,zi the Pauli
matrices. We set J = 1 in (1) and use periodic boundary
conditions identifying sites L + 1 and 1. Both the total spin
S2T ≡ (
∑
i
~Si)
2 and the total magnetization SzT ≡
∑
i S
z
i =
L/2 − M , with M being the number of down spins (parti-
cles), are conserved quantities forH. Thus its eigenstates can
be labeled by SzT (equivalently by M , or the particle density
x ≡ M/L). Here we mainly consider the situation with fixed
density x = 1/4.
In the algebraic Bethe ansatz approach [100] the eigen-
states of the XXX chain in the sector with given M are
constructed from the so-called rapidities {λα} as |{λα}〉 ≡∏M
β=1B(λβ)| ⇑〉. Here | ⇑〉 ≡ | ↑↑ · · · ↑〉 is the ferromag-
netic (“vacuum”) state, andB(λ) a 2L×2L matrix [100]. The
rapidities are obtained by solving the Bethe equations
arctan(λα) =
pi
L
Jα +
1
L
∑
β 6=α
arctan
(λα − λβ
2
)
. (2)
In principle, any choice of the so-called Bethe numbers
−L/2 < Jα ≤ L/2 (Jα ∈ 12Z) identifies a set of solutions
of (2), and an eigenstate of (1) thereof, with energy eigen-
value E =
∑
α 2/(λ
2
α + 1). Although, in general, λα ∈ C,
here we consider only real rapidities, i.e., λα ∈ R, ∀α. More-
over, we focus on the eigenstates with maximum magnetiza-
tion SzT = ST , which implies λα < ∞ ,∀α [91]. The cor-
responding Bethe numbers are given as −J∞ ≤ Jα ≤ J∞,
with J∞ = (L − 1 − M)/2 [91]. Finally, for each L we
consider∼ 104 eigenstates of (1), which are obtained by sam-
pling uniformly the Bethe numbers {Jα}. We should mention
that here we choose ∆e → ∞, meaning that we are consid-
ering the infinite temperature canonical ensemble, instead of
a microcanonical one. However, we anticipate that this does
not affect our results.
Formally, for any eigenstate |{λα}〉 one can write the cor-
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FIG. 2. Finite-size scaling of the eigenstate-to-eigenstate fluctua-
tions of the three-spins reduced density matrix ρ3 in theXXX chain.
(a) Eigenstate average 〈|ρ3|〉 of ρ3 plotted against L−1/2 for chains
with L = 20, 40, 80, 160. The average is over ∼ 104 eigenstates in
the sector with fixed particle density x ≡M/L = 1/4, M being the
number of down spins (particles). Full and empty symbols denote the
diagonal and off-diagonal matrix elements of ρ3, respectively. The
dash-dotted lines denote ρERS3 . (b) Fluctuations of |ρ3|: Standard
deviation σ(|ρ3|) plotted versus L−1/2. The dash-dotted lines are
linear fits. The data suggest that σ(|ρ3|)→ 0 in the thermodynamic
limit.
responding reduced density matrix ρ` as (〈{λα}|{λα}〉 = 1)
ρ` = 〈{λα}|
∏`
j=1
σ
εj
j |{λα}〉, (3)
where εj = x, y, z, 0, and σ0 ≡ I is the 2 × 2 identity ma-
trix. Exact formulas for the multi-spin correlation functions
appearing in (3) have been obtained recently within the alge-
braic Bethe ansatz approach [88, 89]. Their numerical im-
plementation is a challenging task (cf. Ref. 87 for details),
and the computational cost for calculating a generic matrix
element of ρ` is roughly ∝ L`. Nonetheless, this method al-
lows one to effectively calculate ρ` for ` . 6 and chains with
L ∼ 100. We mention that this has been used in Ref. 87
to study entanglement properties of the excited states of the
XXZ chain.
IV. THE FLUCTUATIONS OF THE REDUCED DENSITY
MATRIX
Our main results are illustrated in Figure 1 focusing on ρ2.
Figure 1 (a) and (b) plot its diagonal elements ρ2[1, 1] and
ρ2[3, 3] versus the eigenstate energy densityE/L. We verified
that ρ2[2, 2] and ρ2[4, 4] exhibit the same qualitative behavior.
The only non-zero off-diagonal element ρ2[2, 3] = (ρ2[2, 3])∗
is in general complex, and its real and imaginary parts are
plotted in (c) and (d), respectively. In all panels the different
symbols correspond to the chain lengths L = 20, 40, 160 at
fixed particle density x = 1/4.
In the limit L → ∞ the vast majority of the eigen-
states exhibit the typical energy density etyp ≡ Etyp/L ≈
−0.2876 · · · (cf. Figure 3 for a precise analysis). This sug-
gests, as expected, that for large L the infinite temperature
canonical ensemble can be replaced with a microcanonical
one centered around etyp. Correspondingly, Figure 1 (a)-(d)
demonstrate that the eigenstate-to-eigenstate fluctuations of
ρ2 decrease upon increasing L, which implies that in the ther-
modynamic limit typical eigenstates yield the same ρ2, and
one has ρ2 → 〈ρ2〉. This allows us to conclude that the weak
ETH holds for ρ2. Finally, it is interesting to observe that,
while in general ρ2[2, 3] ∈ C, one has Im(ρ2[2, 3]) ≈ 0 at
L→∞.
All these findings can be better characterized within the
TBA approach by constructing an ensemble representative
state (ERS) for the typical eigenstates. In the TBA, instead
of the eigenstates, one considers the rapidity (particle) densi-
ties %p(λ), whereas sums over eigenstates are replaced by a
functional integral over %p(λ) as [91]
|{λα}〉 → %p(λ),
∑
|{λα}〉
→
∫
D[%p]eSY Y [%p]. (4)
Here %h denotes the “hole” (i.e., missing rapidities) density,
and SY Y [%p] ≡ L
∫
dλ[(%p + %h) log(%p + %h)− %p log %p −
%h log %h] is the so-called Yang-Yang entropy. In the ther-
modynamic limit the integral in (4) is dominated by the sad-
dle point %¯p of SY Y [%p]. At fixed density x, by imposing
δSY Y /δ%p|%¯p = 0, one obtains that the ratio %¯h/%¯p does not
depend on λ, and it is given as %¯h/%¯p = (1 − 2x)/x. More-
over, it is straightforward to derive from the Bethe equations
that 2pi%¯p(λ) =
∫ +∞
−∞ dωe
−|ω|+iωλ/[(1−x)/x+e−2|ω|]. The
corresponding energy density, i.e., etyp, is readily obtained as
etyp = 2
∫
dλρ¯p/(1+λ
2) [91]. Notice that the peaking of the
eigenstates energy density around etyp (cf. Figure 1 (a)-(d)
and Figure 3 (a)) in the thermodynamic limit is a consequence
of SY Y being extensive (cf. (4)).
For a finite chain, the condition %¯h/%¯p = (1 − 2x)/x
implies that the saddle point is well approximated by the
eigenstate (ERS) corresponding to the Bethe numbers Jα =
−(1−x)/2L+ 1/2 + (1/x−1)α, with α = 0, 1, . . . ,M −1.
Interestingly, this choice maximizes the “sparseness” of the
Bethe numbers. The matrix elements of the resulting ρERS2
(for a chain with L = 80) are reported in Figure 1 (a)-(d)
as rhombi. For large chains one has ρ2 → ρERS2 for typical
eigenstates, which implies 〈ρ2〉 → ρERS2 , as shown in Fig-
ure 1 (i).
We now turn to discuss the fluctuations of ρ2. These are il-
lustrated in Figure 1 (ii), plotting the histograms of ρ2[3, 3] for
L = 40 and L = 160 (the latter is shifted vertically for visi-
bility). Similar results are obtained for other matrix elements
(not shown). The dashed line is a gaussian fit, suggesting that
the fluctuations are normally distributed, as for non-integrable
models [77]. Their amplitude vanishes upon increasing L, as
expected (cf. Figure 1 (a)-(d)). This is numerically demon-
strated for all matrix elements of ρ2 in Figure 1 (iii), by plot-
ting σ(ρ2) versus L−1/2. Clearly, one has σ(ρ2) ∝ L−1/2
(dash-dotted lines are linear fits).
One should remark that it is straightforward to derive
that ρ2[1, 1] = (1 + 4Gzz)/4, with Gzz ≡ 〈Szi Szi+1〉 =
−〈H/L〉/3, where in the last step the SU(2) invariance of
H was used. This suggests that the weak ETH scenario for ρ2
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FIG. 3. Eigenstates expectation values (EEV) of the conserved
charges In (n = 2, 3, 4) of the XXX chain. (a)-(c) Histograms
of In/L for several chain lengths L = 20, 40, 80, 160. Here I2 and
I3 are the energy E and the energy current JE , respectively. For
each L the data are obtained from ∼ 104 eigenstates with fixed par-
ticle density x ≡ M/L = 1/4, M being the number of down spins.
The histograms for the larger chains are shifted vertically for visibil-
ity. The dashed lines are gaussian fits. In the limit L → ∞ one has
I2/L ≈ −0.3, whereas I3/L ≈ I4/L ≈ 0. (d) Rescaled fluctua-
tions σ(In)L−1/2 plotted versus L−1/2. The dotted lines are linear
fits. Notice the finite extrapolations in the thermodynamic limit.
could be a trivial consequence of the behavior of the eigenstate
energy density (cf. Figure 3 (a)). In order to provide a more
stringent check of our result, in Figure 2 we discuss ρ3. Fig-
ure 2 (a) plots all non-zero elements of 〈|ρ3|〉 versus L−1/2.
Full and empty symbols denote diagonal and off-diagonal el-
ements, respectively. The matrix elements of ρERS3 are shown
as dash-dotted lines. Although finite-size effects are larger
compared with ρ2 (cf. Figure 1 (i)), one has 〈ρ3〉 → ρERS3
at L → ∞. The eigenstate-to-eigenstate fluctuations of ρ3
are investigated in Figure 2 (b) plotting σ(|ρ3|) versus L−1/2.
Clearly, σ(|ρ3|) ∝ L−1/2 is vanishing in the thermodynamic
limit, as for ρ2 (cf. Figure 1 (iii)). Finally, we should mention
that similar qualitative behavior is observed for ρ4.
V. THE CONSERVED CHARGES
It is interesting to consider the EEVs of the local con-
served charges In of the XXX chain [94]. For each n,
these are obtained as particular linear combinations of the ma-
trix elements of ρn. Figure 3 plots the histograms of In/L
for n = 2, 3, 4, (panels (a)-(c)) and L = 20, 40, 80, 160.
Some of the histograms are shifted vertically for visibility.
Here I2 ≡ H, while I3 is the energy current I3 = JE ≡∑
αβγ αβγσ
β
i σ
γ
i+1σ
α
i+2, with α, β, γ = x, y, z and αβγ the
Levi-Civita symbol. The EEVs of In/L are normally dis-
tributed around the typical values I¯n/L ≡ 〈In/L〉, as con-
firmed by the gaussian fits (dashed lines in the Figure). In-
terestingly, while I¯2/L ≈ −0.2876 · · · (panel (a), see also
Figure 1), one has I¯3/L ≈ I¯4/L ≈ 0 (panels (b) and (c)). The
fluctuations of In/L decay as L−1/2 in the thermodynamic
limit, reflecting the behavior of ρ` (cf. Figure 1 and 2). This
is verified in Figure 3 (d) plotting σ(In)L−1/2 versus L−1/2.
Clearly, σ(In)L−1/2 → const at L→∞ (the dotted lines are
linear fits). Physically, the behavior of I2 reflects the specific
heat per site, Cv = β2/L(〈I22 〉 − 〈I2〉2), being finite in the
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FIG. 4. Entanglement entropy of the eigenstates of the spin- 1
2
XXX chain. (a) Two-spin von Neumann entropy S2 plotted ver-
sus the eigenstates energy density E/L. Different symbols cor-
respond to chain lengths L = 20, 40, 80, 160. The rhombus de-
notes SERS2 . (b) SERS` as a function of ` = 1, . . . , 5, and for
L = 80, 160. Circles and triangles correspond to particle densi-
ties x ≡ M/L = 1/4, 1/10, respectively. Here M is the number
of down spins (particles). The dashed-dotted lines are linear fits. For
both x = 1/4, 1/10 the volume law SERS` ∝ ` is clearly visible.
thermodynamic limit. Likewise, the result for I3 is related to
the finite Drude weight for the energy current [101–103].
VI. ENTANGLEMENT PROPERTIES
We now turn to discuss how the scenario outlined so far is
reflected in the entanglement entropy S` of the eigenstates of
the XXX spin chain. Notice that entanglement properties of
excited states of many-body Hamiltonians have attracted in-
creasing attention recently [87, 104–117]. Figure 4 (a) plots
the two-spin entropy S2 versus E/L for different eigenstates
of the XXX chain. The eigenstate-to-eigenstate fluctuations
of S2 decrease upon increasingL, reflecting the behavior of ρ2
(cf. Figure 1). In particular, in the thermodynamic limit one
has S2 → SERS2 . The scaling behavior of SERS` , as a func-
tion of ` is investigated in Figure 4 (b) plotting SERS` versus
1 ≤ ` ≤ 5 for chains of length L = 80, 160. We restrict
ourselves to density x = 1/4 (high density) and x = 1/10
(low density). In both cases Figure 4 (b) provides a robust
evidence of the volume law SERS` ∼ ` (the dash-dotted lines
are linear fits). This allows us to conclude that typical mid-
spectrum eigenstates of the XXX chain exhibit extensive en-
tanglement (see also Ref. 118), whereas other behaviors (for
instance a logarithmic one as ∝ log(`)) are associated with
rare eigenstates. Notice that this should be reflected in the ex-
tensive behavior of the entanglement entropy after a quantum
quench [41, 119–122].
VII. CONCLUSIONS
We performed a careful finite-size scaling analysis of the
eigenstate thermalization hypothesis (ETH) in the spin- 12
isotropic Heisenberg (XXX) chain. Precisely, we focused
on the `-spin reduced density matrix ρ`. Using a numerical
implementation [87] of state-of-the-art algebraic Bethe ansatz
5results [88, 89], we provided numerical evidence that ETH
holds for typical eigenstates (weak ETH scenario). Specif-
ically, we numerically demonstrated that the eigenstate-to-
eigenstate fluctuations of ρ` decay as L−1/2 in the thermo-
dynamic limit. This is in contrast with the exponential decay
that is observed in generic non-integrable models [77], for
which the strong ETH holds. Although here we considered
one specific model, and we restricted ourselves to ρ`, it is nat-
ural to expect that the same result holds in other integrable
spin systems and for generic local observables. Finally, we
numerically verified that typical mid-spectrum eigenstates of
the XXX chain exhibit extensive entanglement entropy.
Our results open several new possible research avenues. For
instance, while here we restricted ourselves to eigenstates ob-
tained from real solutions of the Bethe equations, it would
be interesting to generalize our results including complex so-
lutions (strings) [91]. Notice that for ` = 2 this should be
straightforward using the techniques developed in Ref. 123–
125. Furthermore, it would be useful to characterize the scal-
ing behavior of the entanglement entropy in eigenstates away
from the middle of the energy spectrum. An intriguing di-
rection would be to investigate the relationship between en-
tanglement and the spectrum of the conserved charges (other
than the Hamiltonian). In particular, it would be enlighten-
ing to study whether eigenstates at the edges of the spectrum
give non-extensive entanglement entropy. Finally, it would
interesting to extend our analysis to off-diagonal matrix el-
ements of local observables, which are important to under-
stand the approach to relaxation to a steady state after quan-
tum quenches [81, 126].
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